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Abstract
This thesis describes an interactive tool for fractal shape exploration and modication.
The software implements a fast algorithm for the visualization of fractal structures and
combines various techniques useful in the analysis of the underlying dynamical systems.
A deterministic fractal is dened by the attracted region of a discrete dynamical
system F 2 R2 . Two realvalued polynomials, g and h, each of which depends on 13
parameters, determine the dynamic behaviour of this system. F is iterated over and
over for initial points in a userspecied range of the real plane. This yields the orbits
(iterated point sequences) of these initial points. If these orbit tend to innity they do
not belong to the attracted region. If the orbit converges to some state it belongs to
the fractal. This socalled escape time algorithm is performed on the GPU in order to
achieve fractal visualization in realtime.
Interactive visualisation of fractals allows that parameter changes can be applied at
run time. This enables realtime fractal animation. Moreover, an extended analysis of the
discrete dynamical systems used to generate the fractal is possible. For a fast exploration
of dierent fractal shapes, a procedure for the automatic generation of bifurcation sets,
the generalizations of the Mandelbrot set, is implemented. The software also implements
methods for the graphical analysis of 2D dynamical systems.
In this thesis, it is described how to implement these techniques, but also how to
use them in the design of fractal objects. A number of application examples proves the
usefulness of the approach. A performance analysis shows that the interactive design
of deterministic fractals is feasible on a mediumlevel computer system. Visual results,
presented throughout this work, show that the developed tool can be very useful for
artistic work.
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Chapter I

Introduction and Mathematical
Background
The developments in the research of dynamical systems and its attractors, chaos and
fractals has already led some people to declare that god was a mathematician, because
mathematics could be found behind the stunning beauty of nature. And indeed have
researchers found with it a receipt to gain an insight into a series of realworld processes
and problems, many of which have been inaccessible by other mathematical disciplines.
The fact that many natural and social phenomena, from the growing of plants [20] and
population evolution of entire species [23] over the ups and downs of the stock market [13]
to weather changes and particular weather eects [17], can be understood better in the
light of theories that emerged from the study of iterated systems is, of course, a major
motivation to deal with this topic.
As a student of computer graphics, I feel even more fascinated by this research eld,
since images, resulting from the computersupported analysis of discrete systems, are
often of incredible beauty and immense geometrical diversity. During the last decades, a
large number of these fractal images has been presented, and nowadays, this mathematical image generation procedure forms a powerful instrument for artists and designers.
By today, the fractal image generation is fairly timeconsuming, and an interactive application is not really feasible. This situation can be changed, exploiting the capabilities
of new, fast graphics hardware. The development of an application for the interactive
use of fractal objects, is the main business of this thesis. It can give to the artist new
possibilities in the design process, and help the researcher in the analysis of discrete
systems.

1.1 "Fractals Everywhere"
"Fractals Everywhere" (by Michael Barnsley [5]), "The Algorithmic Beauty of Plants"
(by Przemyslaw Prusinkiewicz and Aristid Lindenmayer [20]) and "The Fractal Geometry of Nature"(by Benoit B. Mandelbrot [18]) are three outstanding titles of the 80's
that show the optimism coming along with this new way of approaching unpredictable,
seemingly aleatoric phenomena. All three of them can be recommended also to non
4
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experienced readers. This is not least due to the partnership between computer graphics
and this new mathematical eld, which allows to directly convert theoretic objects into
beautiful, coloured images. In this direction, especially the work of Robert L. Devaney
([9, 10]) is very worth to be recommended, for providing deeper understanding of dynamical systems theory and chaos, whilst showing the respective visual link to strange
attractors, fractals.
Staying for a moment with great authors in our eld, Gaston M. Julia and Benoit
B. Mandelbrot should be mentioned, giving their names for the probably most beautiful
objects maths has produced ever. We will discuss just in a moment what we refer to
when speaking of Julia sets and the Mandelbrot set. Before however, we will briey
discuss selected examples and outline in which research areas dynamical systems theory
is used today, in order to motivate the reader for all of this mathematical introduction
ahead.
With the article "Mémoire sur l'itération des fonctions rationnelles"1 , treating the
behaviour of iterated rational functions in the complex domain, G. M. Julia formulated
the fundamentals of the modern research in dynamical systems. He described the most
important properties of those sets, which are called Julia sets nowadays. Based on
this work, more than 50 years later, B. B. Mandelbrot discovered the Mandelbrot set,
searching for a way to classify Julia sets. In the early 80's, he presented the rst images
of the Mandelbrot set, which is still an important object in dynamical systems theory
and chaos theory, since it exhibits most of the fundamental phenomena that appear in
these systems.
Since then, many dierent scientic areas could prot from these ndings and theoretic formulations. And still today, a dynamical system point of view helps understanding
problems that have been dicult to tackle before. The movements of the stock market,
for instance, seem to be rather aleatoric at a rst glance. With dynamic models and
theory of fractals, however, several phenomena can be understood in a qualitative sense
(see, for instance [13, 19]) and, in fact, nancial modelling is still a growing area. Dynamic models have also advanced the study of whether phenomena, and we can nowadays
(though still not completely) understand changing weather patterns in meteorology [17].
Actually one of the most popular examples, explaining the implications of chaos, stems
from this area: the reader has probably heard from the buttery which can cause a
whirlwind on the other side of the planet.
The wide range of dierent applications of discrete dynamical systems is not least due
to the fact that computers can only work with discrete numbers. Therefore, all models
applying numerical integration schemes to solve dierential equations eventually yield
dierence equations, that is, a discrete dynamical system. This further emphasizes the
importance of this area. This is the case in the study of the behaviour of road trac
ow (e.g.,[4, 14]), to give an example the author has dealt with, as well as in an endless
number of nonlinear problems in physics, chemistry, biology, etc.
It is also worth to be mentioned that chaotic, unpredictable behaviour has been
1

"Memoir on iterations of rational functions", Journal de Mathématiques pures et appliquées, 1918.
An English translation of the introduction is freely available [15].

CHAPTER I  INTRODUCTION AND MATHEMATICAL BACKGROUND

6

observed by many researchers from dierent areas before chaos theory was developed.
For they could not believe that deterministic laws can lead to such behaviour, these
results simply have not been accepted, "explaining them away by talk of experimental
error or illconditioned equations" [3].
Today this situation changed completely. And therefore, we could continue listing
examples of applied dynamical systems, chaos and fractal theory. However, there exist
entire volumes which already do this. "Applications of Fractals and Chaos" [3] is one
example in which a collection various very exiting articles is presented. The reader can,
for instance, nd out what bird songs and Bach's music have in common.
Before entering now into the mathematical part of this introduction, there is one
more aspect to be mentioned. In the fractal literature, besides fractals generated by
deterministic functions, we can often read about geometric iterations and stochastic
fractals. The former play a crucial role in algorithms for pattern generation, as needed
in the modelling of plants, for instance. Stochastic fractals are often used in landscape
generation, where an initial plane is disturbed by stochastic means to yield realistic
geometric representations of landscapes. This work does not deal with these topics at
all. We will deal with repeated iterations of deterministic functions and see that beautiful
images can result from an analysis of these discrete dynamical systems.

1.2 Discrete Dynamical Systems
The theory of dynamical systems can be looked at as a general theory of processes that
change in time. Usually, such processes follow certain rules, which determine how the
system changes. Dynamical systems theory, therefore, incorporates a wide range of real
world problems such as planet motion under the inuence of their respective gravitational
forces, the Newtonian mechanics in general, growing processes in biology, etc.
In mathematical terms, a dynamical system can be dened as a group (or a semi
group) T , which is acting on a certain space S , such that there is a map F : T  S ! S
which assigns an element F t (z ) 2 S to every pair (t; z ). This means that the location of
any initial point z0 2 S after a certain time t 2 T is determined by the mapping F t (z0 ).
In the case of planet motion, we would therefore probably consider a system acting on
the 3 dimensional space, S = R3 , which continuously evolves in time, T = R or T = R+ .
Here, the map F implements the inuence of the gravitational forces.
Throughout this work, however, we will deal with systems dened by T = N0 and
S = R2 (and sometimes S = C). Such systems are called discrete dynamical systems,
because we compute elements F t (z ) only at discrete time steps t = 0; 1; 2; : : :. The time
evolution of a particular point z0 2 S is then given by the sequence

where

s(z0 ) = (z0 ; F (z0 ); F 2 (z0 ); F 3 (z0 ); : : :);

(1.1)

F n (z0 ) = F
: :  F}(z0 )
|  :{z

(1.2)

n times
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must not be confused with the nth power of F . It is, instead, the repeated application
of F to an initial value z0 . S (z0 ) is usually called the orbit of the point z0 . These orbits
play a crucial role in this work.

1.3 Basin of Attraction, Julia Sets and Fractals
The orbits are that important for our considerations, because they dene whether a
particular point z 2 S belongs to a basin of attraction or not. If the orbit of a point
eventually converges to innity, it is not attracted and it does therefore not belong to
a basin of attraction. If the contrary is the case and the orbit converges to some state
it belongs to it. The basin of attraction can therefore also be called attracted region,
since it is dened by all convergent (attracted) points. States that orbits converge to are
called attractors and they can be of dierent appearance. In two dimensional dynamical
systems the attractor can be a single point that the orbit does not leave once it reached
this point, or it can be cycles of dierent periods (i.e., repeated sequences of points). In
higherdimensional systems, there are even more possible attractor shapes.
Throughout this work, when speaking of a basin of attraction, we are in general not
interested in what particular orbits and the attractor looks like, we only need to know
which orbits eventually approach innity and which do not. This is sucient information
to compute and visualize the attracted regions of a dynamical system. The attracted
region of a dynamical system (denoted by AF ) is then dened by all initial points z0 2 S
for which the sequence

sn (z0 ) = (z0 ; F (z0 ); F 2 (z0 ); F 3 (z0 ); : : : ; F n (z0 ))

(1.3)

does not converge to innity as n ! 1. In other words,

AF

=

fz 2 S : limn!1F n(z) 6= 1g :

(1.4)

Depending on the map F , these regions can be very dierent in shape. To make
this clear let's consider systems dened in the real numbers for a moment (i.e., S = R).
We rst look at the simple class of linear maps Fa (x) = ax. All functions Fa posses a
single xed point at xf = 0. By denition, a xed point is a point for which applies
F (xf ) = xf = F t (xf ), and therefore the orbit of such points is s(xf ) = (xf ; xf ; : : :).
Obviously, s(xf ) does not converge to innity and the critical point always belongs to
the basin of attraction of Fa . Now, if a > 1, all other initial values tend to innity
under repeated iteration of F . Then, the critical point is called repelling and the basin
of attraction of this system is dened by this single point only (AF = xf ). Contrarily, if
a < 1, the xed point becomes attracting, because all points on the real axis tend to this
xed point under iteration. In this case, the xed point is the attractor of the system
and the entire real axis becomes its basin of attraction of Fa . To sum up, the attracted
region of the real linear map Fa (x) = ax can be either the entire real axis, or it is just
dened by the single point xf .
The reader can probably imagine that such an analysis of attracted regions (just as
their shape itself) can become much more complicated when dealing with nonlinear
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p

maps. Actually, already the quadratic map Fc (x) = cx(1 x) with c > 2 + 5 (and we
are still in one dimension) produces behaviour which is still not completely understood:
chaos. One basic property of chaotic behaviour is the existence of sensitive dependence
on the initial values, which is to say, the orbit of two initial values can be totally dierent,
whatever close the initial values are. Unfortunately, we cannot delve into the details here,
but the reader is encouraged to look at the literature available dealing with these topics
more carefully (e.g., [9, 22]). Relating this work, we just point out that the sensitivity
on initial values can make attractor analysis very complicated, because we cannot be
sure that the neighbourhood of a point, converging to an attractor, also tends to it.
Moreover, it is not clear to which state a point that belongs to the attracted region
eventually converges, because there may be periodic points of all dierent periods2 . In
fact, orbits within the attracted region of some nonlinear maps can show very "strange",
sometimes pseudoaleatoric behaviour.
We return to the twodimensional case. For this introductory considerations we look
at the map Fc = z 2 + c with z; c 2 C. Since Fc is dened in the complex plane, the
initial values to be considered are all complex numbers, i.e., all points in this plane. In
Figure 1.1 three dierent basins of attraction of Fc are shown.

Figure 1.1: Three attractors of Fc (z ) = z 2 + c. 1. c =

0:78,

2. c = 0, 3. c = 0:25.

We observe that the shape of the attracted region is very dierent depending on the
parameter c. For c = 0, we obtain the lled unit circle the border of which is continuous.
For c = 0:78 and c = 0:25 this has changed totally and the shape of AFc is geometrically
amazing complex.
At the rst glance, the case F0 is not very dicult to understand. For the nth
iteration, we have F0n = z 2n . Therefore, all initial points z0 with an absolute value
smaller than one, jz0 j < 1, converge to zero under iteration of F0 , and all z0 with jz0 j > 1
tend to innity. But what happens to points where jz0 j = 1?
This is exactly the question G. Julia was asking. And honouring him, the points that
lie on the unit circle are referred to as the Julia set of F0 , denoted by J (F0 ). Without
2
Sarkovskii has shown that if a map has a point of period three, then the map has periodic points of
all other periods as well.
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entering into the details that are available in [9], for instance, we notice that points that
are in J (F0 ) always remain in there under iteration of F0 . Therefore, J (F0 ) is called
completely invariant.
However, in this work, we are not so much interested in the actual Julia sets and
their properties, but in the lled Julia sets of specic maps. This is the union of the
Julia set and, if existing, all points with convergent orbits. And we note that following
Denition 1.4, the lled Julia set corresponds to the basin of attraction. Or likewise, the
basin of attraction AF , dened by all initial points the orbit of which does not converge
to innity, contains the Julia set. For this reason, we will use the terms lled Julia set,
attracted region and basin of attraction interchangeably throughout this work.
Moreover, we will often speak of fractals when referring to an attracted region. This
is because many lled Julia sets show fractal properties. These are, above all, self
similarity under magnication, innite complexity and irregularity. The lefthand image
in Figure 1.1 gives an idea of these fractal features. In fact, many attracted regions of
the considered quadratic map, Fc , are fractals.

1.4 The Mandelbrot Set and Bifurcation Sets
Another very popular set showing fractal features is the Mandelbrot set. As Julia sets,
the Mandelbrot set is generated by an iterative process based on the map Fc (z ) = z 2 + c.
But it is generated in a dierent way. In this section, we discuss the generation procedure
that yields the Mandelbrot set and see how this set can be used to understand the great
variations of Julia sets with dierent c.
In fact, we will see that the Mandelbrot set can be looked at as a catalogue of Julia
sets. To construct the set, we iterate the point z  = 0 for all dierent cvalues in the
parameter range we are interested in. Then, we look whether these iterated sequences
converge to some state or not. We will see just below that z  is not an arbitrary point,
but it is the critical point of Fc . The Mandelbrot set is then dened by

MFc

=

fc 2 C : limn!1Fcn(z) 6= 1g :

(1.5)

Literally this means that the Mandelbrot set is the set of all cvalues for which the
orbit of the critical point, called critical orbit, does not converge to innity. It might be
important to point out that the Mandelbrot set is therefore not dened in the space S ,
but in the parameter space of c, C in this case.
To get an idea why the Mandelbrot set contains information about the (dynamic)
properties of Julia sets, we should introduce the concept of critical points z  and their
critical orbits s(z  ). A critical point of a map F (z ) is a point at which the rst derivative
of F vanishes, thus F 0 (z  ) = 0. From functional analysis in the real numbers we know
that if F 0 (z  ) = 0 then there exists a maximum or a minimum at z  3 . This could be a way
to geometrically understand the importance of critical points, because, at least locally, F
will not produce orbits points of which lie above its maximum, and respectively, it does
3

Provided

F 00 (z  ) 6= 0.
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not yield points below its minimum. However, it is quite hard to nd a real geometric
interpretation of critical points, and I have not found any attempt in this direction in
the literature.
Throughout this work, we will have to return to questions concerning critical points
and orbits, because we will extensively work with the Mandelbrot set and its generalization: the bifurcation sets. We will see that the denition of a critical point as given
above restricts the analysis to complex analytic functions, the derivative of which is again
a complex function. But before, let's have a look at the Mandelbrot set and the Julia sets
obtained by specic points in the Mandelbrot set. We will call such a setting analysis
mode.

Figure 1.2: The analysis mode. The Mandelbrot set and two Julia sets for Fc are shown.
The analysis mode is a very powerful tool, because it relates Julia sets and the
Mandelbrot set in a very illustrative fashion. It is therefore wellsuited for educational
purposes. It can be observed that each region in the Mandelbrot set (all the "ridges" and
little "apples") corresponds to Julia sets with specic dynamic properties. For mathematical details and a thorough interpretation of dierent Mandelbrot regions, the reader
may be referred to Devaney's "Introduction to Chaotic Dynamical Systems" [9], and
within this book, especially to Section 3.8 dealing with the Mandelbrot set. And we will
now pay attention to how the concept of the Mandelbrot set can be generalized.
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Figure 1.3: Another example of the analysis mode. Note the similarities in the two Julia
sets.
First of all, the Mandelbrot set is also a bifurcation set, for it is possible to see in it at
which parameters c the system Fc changes qualitatively. We say the system undergoes
a bifurcation at these parameter values. Since all dierent regions of the Mandelbrot
set correspond to dierent dynamic behaviour of the Julia set, of course, there must be
points at which this change happens. The probably most important of these bifurcation
takes place at the border of the Mandelbrot set, which is to say at those values c where
the critical orbit starts to tend to innity. At these points, the Julia set of F starts to
be totally disconnected and the basin of attraction of the system consist of this totally
disconnected set only. As a consequence, we do not have lled Julia sets as shown in the
examples so far, but we have an attracted region consisting of (innitely small) single
points4 . An example bifurcation is shown in Figure 1.4 in which c is incremented by
small amounts from c = 0:25 to c = 0:26.
4
Obviously, there will be problems with visualizing these sets, since the arithmetic operations do not
have innite precision, and the smallest rounding error will eventually lead away from points in the Julia
set.
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Figure 1.4: A bifurcation takes place. C is increased from the left to the right: c = 0:25,
c = 0:251, c = 0:252, c = 0:255 and c = 0:26.

Figure 1.5: The bifurcation set with reference to  for the complex logistic map F (z ) =
z (1 z ).
Up to now, we have considered the map Fc (z ) = z 2 + c with only one complex
parameter. We saw that a bifurcation set, the Mandelbrot set in this case, is obtained
when iterating Fc (z  ) for dierent cvalues. Clearly, the same approach can be followed
for other maps and other parameters also. This nally leads to other bifurcation sets.
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To make this clear we briey consider another, however very related, systems: the
system dened by the complex logistic map F (z ) = z (1 z ). Note that this map
also belongs to the family of quadratic complex analytic functions. This implies that the
systems has an unique critical point, since the derivative, F0 , is a linear function.
Solving the equation F0 (z ) = 0, yields the critical point z  = 12 . Thus, this is the
point to be iterated for the construction of the bifurcation set with reference to . Doing
so, the set shown in Figure 1.5 is obtained. This time, the real component of  is mapped
on the horizontal, real axis and =() is mapped on the vertical, the imaginary axis.
We conclude, for any map Fp (z ) depending on at least one complex parameter p it
is possible to construct a bifurcation set. To do this, it is rst necessary to compute
the critical point of Fp (z ) by solving the equation Fp0 (z ) = 0. Then, Fp (z  ) is iterated
over and over for all dierent parameter values p in the respective domain. This yields
a number of sequences (orbits) sp (z  ) = (z  ; Fp (z  ); Fp2 (z  ); Fp3 (z  ); : : :), one for each p.
These sequences must then be tested for convergence, i.e., whether they tend to innity
or not. Finally, the bifurcation set is formed by all parameter values p the orbit of which
does not tend to innity. It can therefore be seen as the basin of attraction of the system
used for the bifurcation set construction.
It is not necessary to restrict this procedure to maps with only one complex parameter. When considering maps with more than one parameter, we simply have to x the
parameters we are not interested in and to perform the same process. The result will then
be a bifurcation set depending on the parameters which were considered to be x. In
Chapter 3, where I present my method for interactive visualization of dierent bifurcation
sets, we discuss this in detail. We will see that the realtime calculation of bifurcation
sets widens our possibilities to analyse dynamic systems. It is, for instance, possible to
look at the behaviour of a parameterdependent bifurcation set under variations of this
parameter.

1.5 Outline and Objectives
This project deals with the development of an interactive tool for the visualization of
lled Julia sets and its bifurcation sets. The main focus lies in the development of
fast visualization methods for these objects, in order to allow realtime animation of
parametrized fractals. This is not possible with existing tools.
The software is directed to students and researchers in the area of discrete dynamical systems as well as to artists interested in appealing images and fractal animations.
Finding a reasonable combination of both directions is a further objective of this work.
The author hopes that artists can obtain understanding of the mathematics behind these
wonderful objects when using this tool, though without requiring it. Likewise, do I hope
that the student's motivation to dive in this research area more deeply increases with the
aesthetic substance of the graphical outcome. For this reasons, the project also follows
educational purposes.
Another motivation followed in the design of the application is the idea to use fractals
in computer supported modelling. Above all, this is concerned with searching for the
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means to control the shape of an attracted region. Due to the chaotic dynamics of many
maps, this is a very dicult task and the author has not found attempts pointing into
this direction in the literature. However, with an interactive tool implementing features
for the analysis of fractal sets there might be done a rst step into this direction.
This thesis is structured in the following way. The next chapter discusses and evaluates four existing related software tools. Chapter3 provides details of the used mathematical representation and the implementation. Some (partially unsolved) problems are
also discussed here. In Chapter 4 the developed tool is evaluated and some application
examples are given. A selection of images generated during the work on this project is
presented in Chapter 5, before nally drawing a conclusion on the project as a whole in
the last chapter.

Chapter II

State of the Art
It is now more than 30 ago that the rst images of Julia sets and the Mandelbrot set
have been presented. Since then, more and more pictures of fractal objects have been
generated, and there is still an increasing interest in using these structures in the graphical
design process. This has led to the development of many software tools for fractal image
generation.
The number of tools available for the user is tremendous and they may dier greatly
in mathematical knowledge required to work with them. Some of them form an attempt
to improve the user's understanding of the mathematics behind fractal objects, others
are mainly oriented to the artist providing powerful routines for colour modications and
fractal animation. Others, in turn, are scientic research tools where researchers mainly
implemented the systems they have been interested in. Since it is impossible to consider
all applications in detail, we will look at a selection of tools, which, to the author's point
of view, are the most advanced and related to the program developed during this thesis.
A comprehensive overview however can be found on the web page of Paul N. Lee [16],
where a wide range of software examples is listed and briey evaluated.

2.1 A Selection of Fractal Generation Tools
In the following, we will discuss four fractal generation and visualization tools. In order
to be able to compare them in some way it was decided to look at the following six items:
1. the output resolution and the capability to zoom into depths,
2. the number of fractal types (e.g., fpc (z ) = z p + c) that are implemented and the
user's freedom in changing respective parameters,
3. the program's relevance for education and dynamical systems study,
4. the interactivity of the application in which the speed of image generation plays the
crucial role (For instance, can parameters be changed and the image be updated
at runtime without a recognizable delay?),
5. the application's capability to produce fractal animations,
6. the colour setting routines and the visual quality of the nal images.
15
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Obviously, some of these items are rather subjective in fashion (especially point three and
six) and the reader might come to dierent conclusions. The visual quality, moreover,
vitally depends on the artistic abilities of the user and her working experience with the
program. Testing the tools, however, the author found out that there exist qualitative
dierences in the routines for colour choice, modication, etc. that have direct visual
inuence on the appeal of the nal images produced using a particular tool. In this sense,
the above listing can represent an approximate evaluation framework for our purposes.
The rst tool we consider for this evaluation is Fractint [11], which is a free ware
fractal generator available for MAC, UNIX/Linux, Windows, etc. Various researchers
worked in the development of this software. I have tested the DOS variant (version 20.0)
of the program in which the interface (there is no mouse handling) is a bit dierent from
today's window applications. However, on the Fractint web page information including
tutorials and examples is available for free.
The maximum output resolution of Fractint is 2048  2048 pixel, but it seems that
in the recent version this has been extended to 32767  32767 pixel. The program also
disposes of an outstanding capability to zoom into depths. Zooming deeply into a fractal
image usually requires an increasing precision of the arithmetic operations and Fractint
can perform them with a precision up to 1600 decimal digits.
There is a large number of dierent fractal types which can be visualized by this
application, including several strange attractors of physical systems solved by numerical integration of the underlying dierential equations. Moreover, a series of higher
dimensional dynamical systems is implemented, and images of the attracted regions of
these systems can be created by projecting them on the 2D plane.
Regarding the relevance relevance for education purposes, above all, the "Parameter
Explorer/Evolver" should be mentioned. It links the classic Mandelbrot set and its Julia
sets in a very interesting way. Many small images of Julia sets (Fc (z ) = z 2 + c) each with
a dierent parameter c = c< + ic= are arranged on the screen according to c. The Julia
sets with the largest c= form the top row, and the yposition of the image decreases with
c= . Likewise, Julia sets with lower values of c< are represented by images on the left
hand side of the screen, and as the real part of the parameter increases, Julia approaches
the righthand side. The user can set the number of Julia images which are arranged on
the screen in this manner. As this number increases, the user will be surprised to see the
Mandelbrot set formed by all this little images of dierent Julia sets.
The "Parameter Explorer/Evolver" (only present in the actual release) is quite similar
to the analysis mode introduced in the previous chapter. In spite of this feature, Fractint
also implements an analysis mode, which is called "toggle mode" in the application. For
the map Fc (z ) = z 2 + c, the possibility to move a cursor on the Mandelbrot set is given
to the user, and, in a small additional window, the Julia set which corresponds to this
cursor position is visualized (i.e., the Julia set of Fc with (c< ; c= )). This procedure is
generally available for the fractal type f (z ) = z p + c. But only for p = 2 both the Julia
set and the Mandelbrot set are visualized at the same time. The generation of other
bifurcation sets, with respect to other parameters, is not possible.
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The visualisation of the changing Julia set is quite fast, however, not realtime at
all. The update rates do not allow a continuous realtime animation. Nevertheless, it
suces to point out the correlation between Julia sets and the Mandelbrot set.
In Fractint, it is unfortunately not possible to change parameters of the visualized
set at run time. This means that it is necessary to redene the iterated system and to
revisualize this new set afterwards. I have not found the option to interactively zoom
into or out of the fractal, which is possible in other tools. Producing animations is also
not possible.
On top of all, Fractint is a scientic tool. Routines for colour settings are not so well
developed and the images I generated during the testing phase were not exceptional from
the colour point of view. I believe, however, that outstanding images can be produced
by the experienced user.
With Ultra Fractal [1], the next tool to be considered here, in contrary to Fractint,
even the inexperienced user can produce wonderful fractal images. The main reason
for this is the artistic purpose it follows. Ultra Fractal is a commercial software (it is
not free!) and the carefully designed user interface follows the spirit of Photoshop. It
disposes of layering and ltering techniques, which are important features for graphical
tools. For the evaluation, I was using the animation edition version 4.04.
The maximum image resolution of Ultra Fractal is 2048  2048. Developers also
have put eort in improving the precision of arithmetic operations, so that the zooming
capabilities of Ultra Fractal are comparable to those of Fractint.
The program supports all standard fractal types, such as Julia maps, the complex logistic map, their Mandelbrot sets and fractals derived from the Newton iteration method.
Additionally, a compiler for new, userspecic formulas exists. This can make the tool
interesting for researchers and students, even though the real purpose of this software
is not in education, and its relevance for learning about fractals and attracted sets is
reduced. For particular fractals, there exists the possibility to navigate through the
Mandelbrot set, in order to nd the desired Julia shape, similar to the analysis mode in
Fractint. The latter, however, was found much more illustrative.
Regarding interactivity and animation, Ultra Fractal is clearly superior to Fractint.
However, the only real interactive component is the zooming in and out routine. Changing parameters and updating the image at runtime is not possible. The zooming is made
possible by an adaptive procedure. First, the zoom operation is performed at the previous resolution without recalculating the new window. Only when the zoom operation
is nished, the program recomputes the fractal at full resolution. Obviously, this is not
appropriate for realtime animations.
In the animation edition I was testing, there exists the possibility of producing key
frame animations. This is a powerful feature. In each key frame, the user can set
particular parameters values. The animation is then computed by linear interpolation
between these values.
Since Ultra Fractal is directed towards artists and designers, it disposes of sophisticated colour modication routines and, in general, images of high visual quality can be
produced. I think it will be dicult to nd a better tool regarding the colour setting
techniques.
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The third tool, we take into account for this overview, is Tierazon v29 [2], written by
Stephen C. Ferguson. It is a free software, which seems to have emerged from a research
prototype. The nonexperienced user will have problems to deal with the interface.
However, the images, presented on the web page, show that good visual results can be
obtained.
The maximum resolution of Tierazon is 3564  2784 pixel and I have not found
any information about the precision of the calculations. The program implements many
dierent fractal types, from trigonometric mappings over Newton variations to the standard Julia and Mandelbrot set. To my opinion, the tool has no relevance for education,
because the normal user does not understand what she is doing. And moreover, there are
almost no interactive elements. For example, the user cannot change fractal parameters
at all.
Tierazon provides the possibility to produce and record zooming animations. As in
the prior cases, this does not work in realtime. The pictures I generated, while testing
the application, were not very appealing. This is mainly due to the fact that colour
setting methods are less sophisticated, and that the interface in general is really dicult
to handle.
The last program, I have chosen for the evaluation, is Fractal Explorer (version 2.02),
which has been released only two years ago. Not least the combination of 2D fractal
generation, 3D attractor visualization, the visualization of geometric iterated function
systems, and the implementation of maps acting in the quaternions makes this free
software an interesting tool for image generation and scientic work.
The Fractal Explorer works with a maximum resolution of 2048  2048 pixel, but if
images are saved without compression, it is possible to work with resolutions up to 10000
 10000 pixel.
Basically, the program implements all the standard complex fractal types, the parameters of which can be chosen before starting the visualisation. Additionally, there exists
a formula parser, and it is possible to work with the specic system the user is interested
in. However, I did not test this the formula parser.
As Fractint and Ultra Fractal, the Fractal Explorer implements an analysis mode. In
this application, the analysis mode works for a series of systems, including Fcp (z ) = z p + c
for p = 3, p = 4, p = 5 and p = 8. Here, the Mandelbrot set is visualized in a main
window, the size of which can be chosen by the user, and the respective Julia sets are
shown below in a very small window (120  120 pixel). The update rates of this small
window allow continuous transitions from one Julia set to another one. The analysis mode
available for some 2D fractals in the Fractal Explorer and, more importantly, the union
of dierent topics such as iterated function systems and dynamics in the quaternions,
make this tool suited for educational purposes and research.
The only interactive feature, implemented in this application, is the analysis mode.
This is made possible by a very reduced image size for the realtime update. In the normal
fractal visualization mode, the user cannot change parameters and, as in the other tools,
a respecication of the system is necessary. The zooming routine implemented in the
Fractal Explorer is very similar to that of Ultra Fractal, and it does not allow realtime
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zooming animations. However, there is a separate dialog for animation production, in
which video les of zooming animation can be created. Here, it is also possible to produce
animations of Julia sets under the change of particular parameters.
At a rst glance, the appearance and the interface design of the Fractal Explorer
seem a bit tame. Nevertheless, many features are implemented in this tool. Testing the
application, I discovered that the colouring techniques are welldeveloped, and that the
user is given sucient freedom in the colour choice.

2.2 Summary
items/tools
Resolution
Education, Science
Fractal Types
Interactivity
Animation
Visual Quality

Fractint
1
2
1
5
6
3

Ultra Fractal
2
4
2
4
2
1

Tierazon
2
6
4
6
6
4

Fractal Explorer
1
2
2
4
3
2

Table 2.1: An evaluation overview, where marks from 1 to 6 are given. 1 = "Very Good",
2 = "Good", 3 = "Satisfactory", etc.
In order to have available a plain comparison and a summery of the considered tools
for the visualization of fractals, I decided to assign marks to the six items the evaluation
was focused on. These marks are given according to the German education system, where
1 accounts for "Very Good" results and 6 for "Inadequate (failed)" ones. Table 2.1 shows
this evaluation.
In general, we notice that all applications score quite well in the rst and the third
point, concerning the resolution and the possible fractal types. For the production of
highquality images, which takes into account the capacity of colour setting routines,
there are also two ecient tools available, Ultra Fractal and the Fractal Explorer. Since
all considered tools are of relatively poor quality in animation and especially in interactivity, this thesis mainly concentrates on these items. It is supposed, that enhancing the
interactivity of an application also improves its usefulness for educational purposes.

Chapter III

Method and Details
The major part of this project is dedicated to the development of an interactive tool for
the visualization and the analysis of basins of attraction and fractals in in two dimensions.
I have called this tool "AttractorAnalyst". As outlined in the introduction, the analysis
mode, which relates specic lled Julia sets to points in the bifurcation set, can be a very
useful feature in the analysis of the system dynamics. Obviously, for the implementation
of such an analysis mode, we must be able to automatically compute the respective
bifurcation set. This chapter explains how this can be done.
The requirement of a fast visualization and the work ow of the escape time algorithm,
by means of which is decided whether a point belongs to the attracted set or not, motivated the use of new graphics hardware in the implementation (Vertex Shader Programs
and especially Fragment Shader Programs). Explaining how fast visualization of lled
Julia sets and its bifurcation sets for a class of 2D dynamic systems can be achieved
using the Graphics Processing Unit (GPU) is another main business of this chapter.
The last part of this chapter is dedicated to a description of the AttractorAnalyst.
This part also explains how visually more appealing fractal image can be created by
allowing the user to modify the colours of the fractal image. Methods for the 3D
visualization of the system map F are also discussed here. First, however, we see which
kind of system has been used in this work.

3.1 Mathematical Representation
In the literature, as well as in most applications for the visualization of fractals in the
plane, a system denition in the complex numbers is used. This means that the system
is dened by a function F : C ! C. Besides Fractint, in which some very particular
systems dened by a map acting on R2 (such as the Henon map, for instance) can be
visualized, all applications considered in Chapter 2 use fractal denitions in the complex
plane. However, in general, the same fractals can be obtained when F : R2 ! R2 . And in
fact, the possible number of dierent basins of attraction is increased by such a denition.
Primarily for this reason, I decided to use a denition in R2 . This facilitates an extended control over the fractal parameters while incorporating some of the most common
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fractals considered by previous authors. The system map hence takes the form

F (x; y ) =



g (x; y )
h(x; y )



;

(3.1)

where F (x; y ) : R2 ! R2 is a map acting on the xyplane, since g : R2 ! R and
h : R2 ! R. Therefore, the initial values z0 = (x0 ; y0 )T are points in the real plane.
The orbit of an initial point z0 is dened by sn (z0 ) = (z0 ; F (z0 ); F 2 (z0 ); F 3 (z0 ); : : : ; F n (z0 )).
Since F : R2 ! R2 , the elements of the orbit are also points in the real plane. For the
computation of these point sequences, the iterative scheme



xi+1
yi+1



=

F (xi ; yi ) =



g (xi ; yi )
h(xi ; yi )



(3.2)

was used. Hence, the (i + 1)th element zi+1 = (xi+1 ; yi+1 )T is computed by applying F
to the preceding element, zi . This iteration process, beginning with z1 = F (z0 ), yields
the orbit of z0 .
The characteristics of the dynamical system and therefore also the appearance of the
attracted region exclusively depend on the functions g (x; y ) and h(x; y ). In this project,
I decided to study functions of polynomial form up to order 4:

g (x; y ) =

4
X

k=1

h(x; y ) =

4
X

agk xk +

ahk xk +

4
X

k=1

4
X

bgk y k + cg1 xy + cg2 x2 y + cg3 xy 2 + cg4 (xy )2 + dg ;

bhk y k + ch1 xy + ch2 x2 y + ch3 xy 2 + ch4 (xy )2 + dh :

k=1
g g g g
The system parameters ak ; bk ; ck ; d in Equation 3.3 and
k=1

(3.3)

(3.4)

ahk ; bhk ; chk ; dh in Equation 3.4

can be changed at run time to generate dierentlyshaped basins of attraction. This
is also suited to analyse the inuence of particular parameters on the behaviour of the
dynamical system.
There is a major reason to look at this polynomial class of dynamical systems. It
was chosen because a typical class of fractals, commonly dened in the complex plane,
can be represented by this means, among them the map Fc (z ) = z 2 + c with z 2 C we
already considered in the Introduction. This becomes clear writing

Fc (z ) = z 2 + c = (x + iy )2 + (c< + ic= ) = x2

y 2 + c< + i(2xy + c= )

(3.5)

and splitting the complex map Fc into two parts, F= and F< , with

F< = g (x; y ) = x2 y 2 + c< ;
F= = h(x; y ) = 2xy + c= ;

(3.6)

one accounting for the real component and the other one for the imaginary component. Obviously, in the case where the only nonzero coecients in the system denition
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(Equation 3.3 and 3.4) are ag2 = 1; bg2 = 1; dg = c< and ch1 = 2; dh = c= , we obtain the
system Fc (z ) = z 2 + c. And in fact, all polynomial complex maps up to order 3 can be
represented in that way1 .
Of course, this representation does not incorporate all system types in which researchers and artists might be interested. On the other hand, however, it allows all
possible variations within this polynomial class, and there does not yet exist any software implementing this. Moreover, an extension to another class of systems can be
achieved without much eort. This is not least due to the internal vector representation
used to compute and visualize the lled Julia set.

3.2 Visualization of Filled Julia Sets Using the GPU
The mostcommonly used algorithm for the visualization of lled Julia sets is the escape
time algorithm. This algorithm is fairly straightforward: it computes the orbits of all
initial points in the desired, discretized domain, and tests whether these orbits converge
to some attractor, or if they eventually tend to innity (i.e., if they "escape in time").
Converging points are then coloured as belonging to the attracted region, and all non
attracted points are coloured in another way.
Since the same operations are performed for all initial points one by one, the escape
time algorithm is a perfect candidate to be implemented in the fragment shader. The
initial points z0 are then given by the coordinates of the incoming pixel. Starting with
this initial point, the iteration sequence sn is computed by the iterative scheme 3.2. In
this section, we consider in detail how this is done.
In order to make the initial values available to the fragment shader, a single square
is draw perpendicular to the viewing direction. To this square, we assign the fragment
shader program "FP_FilledJulia_S.cg", in which all the calculations are performed.
Because the square is rendered with texture coordinates (u; v ) 2 [0; 1]2 , these coordinates
are available in the GPU.
The (u; v )coordinates are then transformed according to the domain [xmin ; xmax ] 
[ymin ; ymax ] the user is interested in. This transformation is done as follows:

x0 = xmin + u(xmax xmin )
y0 = ymin + v (ymax ymin ):

(3.7)

Xmin , xmax and respectively ymin , ymax represent the borders of the range to be consid-

ered. These values can be interactively changed and set by the user. They are passed to
the fragment shader in each rendering loop. Figure 3.1 shows the result of Transformation 3.7.

1
By allowing components
could be incorporated.

x3 y) and (xy3 ) in addition, also all complex polynomial maps of order 4

(

CHAPTER III  METHOD AND DETAILS

23

Figure 3.1: Transforming the texture coordinates (u,v) into coordinates (x,y) within the
desired domain.
Using the fragment shader for the fractal computation also brings along another
advantage. Since the interpolation and discretization of the texture coordinates is automatically done in accordance to the pixel resolution of the screen, we do not have to
concern about this at all. The resolution of the nal fractal image automatically corresponds to the resolution of the screen. In my case, usually 768  768 pixel are covered
by the square on which the object is drawn. Therefore, 768  768 initial points are
considered for the generation of the lled Julia set.
The escape time algorithm computes the orbits of all these initial points and test
them for divergence. Equation 3.2 can be used for this orbit computation. However,
when using the GPU for the calculation of zi+1 = F (zi ), performance benet can be
gained, if an adequate vector formulation of the problem is found. This is due to the fact
that graphics hardware implements very fast vector computations. Such a formulation is
obtained when passing to the GPU the coecients of the system (Equation 3.3 and 3.4)
in vector form as

0

1
0
ag1
B ag2 C x B
C ~
B
~a g = B
@ ag3 A ; b = @
ag4

1
0
bg1
B
bg2 C
x=B
;~
c
g C
@
b3 A
g
b4

1
cg1
cg2 C
C ; dg
cg3 A
cg4

(3.8)

for g (x; y ), and respectively for h(x; y ), dening ~a h ; ~b h ;~c h ; dh in the same way. Passing
to the shader all parameters in each rendering loop, allows an interactive update of the
fractal. For the computation of (i + 1)th element of the iterated sequence in the shader
program, we construct base vectors

0

1
0
xi
B x2i C
B
C
B
~xi = B
@ x3i A ; ~yi = @
x4i

1
0
yi
B
yi2 C
C ~ i=B
3 A ; xy
@
yi
4
yi

1
xi yi
x2i yi C
C
xi yi2 A
(xi yi )2

(3.9)

CHAPTER III  METHOD AND DETAILS
and calculate zi+1

= (xi+1 ; yi+1 )T

24

by

xi+1 = (~a g  ~xi ) + (~b g  ~yi ) + (~c g  xy
~ i ) + dg
yi+1 = (~a h  ~xi ) + (~b h  ~yi ) + (~c h  xy
~ i ) + dh ;

(3.10)

using hardware supported dot products. This facilitates fractal visualization at realtime
rates!
I have called the vectors in Equation 3.9 base vectors, because only these vectors
determine which system type is dealt with. Through the specication introduced here,
we deal with a polynomial system, for having the base polynomials (up to order 4)
encoded in these vectors. Similarly and without much eort, it is possible to encode
trigonometric, exponential or rational base functions here, and to simulate very dierent
classes of fractals. In this work, however, we will concentrate on the polynomial type.
In the escape time algorithm, a nite number of iterations must be used to decide
whether the point diverges under the recursive application of F or not. This becomes
reasonable, having in mind that there is no representation of innite numbers in computers. This means that the orbit calculation is stopped after a userspecied number
of iterations, N . It also means, that we have to use the point F N (z ) for the divergence
test. Therefore, the denition for the basin of attraction changes slightly to

AN
F

=


z : F N (z ) <

;

(3.11)

where a certain bound threshold. This can be done, because once points of a particular
orbit have diverged by a great amount from the initial point, in general, this orbit will
continue this course and eventually tend to innity.
(In [10] (Section 6.1) the reader can nd a discussion of how to decide if an orbit
tends to innity for the system Fc (z ) = z 2 + c. Devaney shows that for this class of
systems all points that lie outside the circle of radius 2 tend to innity. For the general
polynomial case we are dealing with, an equivalent analysis is not available. Therefore, it
was decided to give the user the possibility to interactively choose . Using the program,
it could be observed that the visual result was invariant to changes of , unless it was
set to very small values (i.e., values below one).)
In general, we can therefore assure that limN !1 AN
F = AF (AF was dened in Equation 1.4). In the next chapter, we will see that N is a deciding factor for the update
speed of the visualization. But it is also crucial for the quality of the fractal. A larger
N , of course, produces a better approximation of the lled Julia set. This is shown in
Figure 3.2, where N = 10 (a), N = 20 (b) and N = 80 (c).
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Figure 3.2: Fractals produced by F (z ) = z 2 0:78 with dierent numbers of iterations.
20
80
In a, A10
F is visualised, in b, AF and in c AF .
In the image on the righthand side, we observe that there are several points the
orbit of which has not yet exceeded the bound threshold, and they are assigned to the
attracted region even though they do not belong to it. After only 20 iterations (image
b), however, an adequate approximation of the lled Julia set is achieved.
In the images in Figure 3.2 the basin of attraction is represented by black pixels. For
the visualization of the attracted region, the colour, C , is therefore determined by

C



=

black : kzN k2 <
white : kzN k2 

(3.12)

2
where the norm kzN k2 = (x2N + yN
) is the squared euclidean distance between zN and
the origin. However, looking at the images the reader will notice that the nonattracted
region is coloured in a dierent way. Here, information about the velocity of divergence
is represented. Brown regions, usually close to the Julia set, need more iterations to
exceed the bound threshold than lighter regions, where orbits exceed the bound after
very few iterations. According to my implementation, such a colouring using the RGBA
representation2 ((R; G; B; A)T with R; G; B; A 2 [0; 1]) is achieved by

C



=

kzN k <
n
T
(0:7; 0:5; 0; N ) : kzn k 
(0; 0; 0; 0:9)T :

2

2

:(3.13)

Here, n corresponds to the rst point of the orbit with a squared euclidean distance equal
to or bigger than .
The colouring, proposed in Equation 3.13, is called scientic shading in the application. It is implemented in "FP_FilledJulia_S.cg". The transparent term in the RGBA
representation is set to 0:9 (and not to one!), in order to ensure that the coordinate
system, rendered behind the fractal with a small oset, is still visible. In Section 3.4.1,
2

The RGBArepresentation is more carefully explained in Section 3.4.1.
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we consider how more appealing fractal image can be produced by allowing the user
to set the colours. However, the general fractal generation procedure (the escape time
algorithm), described in this section, is performed in exactly the same manner.

3.3 Automatic Generation and Visualization of Bifurcation
Sets
In Chapter 1, the basic concept of Bifurcation sets was explained. It was shown that
the Mandelbrot set can help to understand the dynamic behaviour of Fc (z ) = z 2 + c
at particular parameter values c. Moreover, we discussed how the generation process of
the Mandelbrot set can be generalized, which nally led to Bifurcation sets. These sets,
besides being of fascinating geometric complexity and beauty themselves, can further
improve the understanding of dynamical systems, their attracting regions and fractals.
And a basic idea behind this project is to exploit this concept.
Once the researcher is given the possibility to look at the particular system parameters
she is interested in, a more specic analysis becomes possible and deeper insight into the
rich dynamic behaviour of dynamical systems might be obtained. Above all, if such an
analysis can be interactively performed without the need to respecify the system. To
implement such a tool, it is necessary to automatically generate and visualize bifurcation
sets with respect to parameters chosen by the user. This section explains how this can
be achieved.
For the construction of a bifurcation set, basically, two steps must be performed:
rst, the computation of the critical point, and second, the calculation of the orbits of
this critical point for dierent parameters values. The critical point of a system F is
given by the zerocrossings of its rst derivation. Thus, we have to solve the equation
F 0 (z ) = 0 for z . Using systems dened in the real plane, however, there is a serious
problem with this, because the derivation of a function F : R2 ! R2 is in general not
in R2 . It is instead a 2  2 matrix usually called the Jacobian matrix of the system
and denoted by J or JF . Since these circumstances (as well as the reason for not having
this diculty when analytic functions of complex variables are used) deserve detailed
considerations, we will suppose the critical point to be known in the rst part of this
section. In Section 3.3.2, we return to the question of critical point computation.
The system used in this thesis (Equation 3.1) is dened by two functions g (x; y ) and
h(x; y ). Each of these functions depends on 13 parameters. Therefore, F depends on
a total number of 26 parameters represented by six four valued vectors ~a g ; ~b g ;~c g in
g (x; y ), ~a h ; ~b h ;~c h in h(x; y ), and two constant terms dg and dh . The developed software implements automatic computation of bifurcation sets with respect to all possible
parameter pairs. In the interface, the user can choose the desired bifurcation parameters.
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Interactive Visualization

In order to visualize the bifurcation sets at interactive rates, an index for the bifurcation parameters and the critical point are passed to the fragment shader program
"FP_MandelBrotGeneral.cg". The parameters used in the visualization of the lled
Julia set are also passed to this program.
The rst step of the algorithm is the domain transformation, which is performed as
described in the previous section. This results in coordinates (p< ; p= ) 2 [xmin ; xmax ] 
[ymin ; ymax ], representing the position of the current pixel in the parameter space. Note
that this range does not necessarily correspond to the range used in the visualization of
the lled Julia set. In the interface, the user can independently choose the domain for
the bifurcation set and the Julia set.
In the second step of the algorithm, the values p< ; p= are assigned to the bifurcation
parameters chosen by the user. To do so, two indices i< ; i= are passed to the shader
program. Each index can have 26 dierent values, each of which corresponds to one
of the 26 system parameters. In the implementation, i< is used to determine which
parameter is mapped on the real (horizontal) axis, and i= determines the parameter
mapped on the imaginary (vertical) axis. The assignment is done in the same way for
both indices. It is achieved by an treelike ordering of ifstatements which works in the
following way: rst, it is decided which function the bifurcation parameter belongs to (g
or h), then the parameter vector the parameter belongs to is determined (~a; ~b or ~c), and
nally, the right element of the parameter vector is chosen and set to p< (or respectively
p= ).
For completeness, it should be mentioned that dg and dh are independently treated
in this process. Since they are often of particular interest, I perform an assignment
test (two ifstatements) before performing the procedure described above. If an index
corresponds to dg or dh , for this index, the assignment test is nished after only one or
two ifstatements.
After assigning the coordinates (p< ; p= ) to the correct parameter, we set z0 = z 
and start the iteration process. Due to the vector representation, this process works in
exactly the same way as in the case of the lled Julia set generation.
In the last step of the algorithm, F(Np< ;p= ) (z  ) is tested for convergence. Colours are
assigned as described in the previous section.
Let's summarize this using an example. Suppose the user has chosen ag2 and ah2 as
bifurcation parameters. For each pixel, the rst calculation performed in the fragment
shader is the domain transformation (as shown in Figure 3.1). Then, i< and i= , encoding
the parameters ag2 and ah2 , are used in the assignment process, with the result that ag2 = p<
and ah2 = p= . After that, we set z0 = z  and compute the critical orbit by iterating
zi+1 = F(ag2 =p< )(ah2 =p= ) (zi ) N times. The squared euclidean distance of the resulting
point F(Nag =p )(ah =p ) (z  ) is used for the convergence test. Doing this for all pixels in the
2

<

2

=

parameter plane yields the (ag2 ah2 )bifurcation set.

CHAPTER III  METHOD AND DETAILS

3.3.2

28

Critical Point Computation

The most dicult part in the automatical generation of bifurcation sets is the computation of the critical point. The reason for this is that for z 2 R2 , in general, F 0 (z ) 2
= R2 .
0
Therefore, it is not possible to solve F (z ) = 0, the solution of which yields the critical
point. For this kind of systems, usually the Jacobian matrix, which is the matrix of the
rst partial derivations of F , is taken as dierentiation. The Jacobian is given by
g (x;y ) g (x;y )
dx
dy
h(x;y ) h(x;y )
dx
dy

J (x; y ) =

!


=

gx gy
hx hy



:

(3.14)

In general, we cannot make sure that there exist values x; y that yield J = 0, since this
requires all partial derivations to be zero3 .
This is exactly the reason why the analysis of 2D dynamical systems and fractals
is usually performed for functions of complex variables. For these systems, namely for
analytic functions of a complex variable, the dierentiation problem does not exist. By
denition, the partial derivations of a complex analytic function full

g (x; y )
dx

=

h(x; y ) g (x; y )
;
dy
dy

=

h(x; y )
:
dx

(3.15)

These equations are called CauchyRiemann equations. And we know from the theory4
that a function F (z ) = g (x; y ) + ih(x; y ) is dierentiable as a function of a complex
variable, if g (x; y ) and h(x; y ) have continuous partial derivations for x and y , and if
these derivations satisfy the CauchyRiemann equations. Only for these functions we
have F 0 (z ) 2 C. The derivation F 0 (z ) can then be formed by any of the following forms:

F 0 (z ) = gx + ihx = hy

igy

= gx

igy

=

hy + ihx :

(3.16)

However, in this work, we are not dealing with complex analytic functions. Even
though the system function can be represented by F (z ) = g (x; y ) + ih(x; y ), the partial
derivations of g and h do usually not satisfy the CauchyRiemann equations. Therefore,
the Jacobian matrix must be used for the critical point computation.
In this work, a critical point, z  = (x ; y  ) is a point for which all elements of J
are zero. Following the Cauchy Riemann equations, such a denition incorporates the
common denition of a critical point in complex systems. It means that we have to nd
those points x , y  that satisfy

g (x ; y  )
dx

=

g (x ; y  )
dy

=

h(x ; y  )
dx

=

h(x ; y  )
dy

= 0:

(3.17)

As mentioned already, there exist system functions g (x; y ) and h(x; y ) for which the
Equation system 3.17 has no solution. But it is at least possible to point out a series of
solvable systems.
3
4

By J = 0 we mean the zero matrix having zero elements only.
The basic theorems are available in any book dealing with complex analysis. I have used [6] and [21].
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The Jacobian matrix (Equation 3.14) of our system is dened by the partial derivations

gx = ag1 + 2ag2 x + 3ag3 x2 + 4ag4 x3 + cg1 y + 2cg2 xy + cg3 y 2 + 2cg4 xy 2 ;
gy

=

bg1 + 2bg2 y + 3bg3 y 2 + 4bg4 y 3 + cg1 x + cg2 x2 + 2cg3 xy + 2cg4 x2 y;

hx = ah1 + 2ah2 x + 3ah3 x2 + 4ah4 x3 + ch1 y + 2ch2 xy + ch3 y 2 + 2ch4 xy 2 ;
hy

(3.18)

h
h 2
h 3
h
h 2
h
h 2
= bh
1 + 2b2 y + 3b3 y + 4b4 y + c1 x + c2 x + 2c3 xy + 2c4 x y:

First of all, dealing with polynomials up to order 3, implies that there exist up to 3 real
roots for each of the four equations in the Equation system 3.17. For this reason, there
can exist more than one solution to 3.17. In fact, this will be the case for complex maps
of order 3, which are representable by the used system denition. For the automatic
generation of bifurcation sets, nding one critical point is considered to be sucient.
An interesting issue is concerned with the linear terms (depending only on x or y ) of
the system map F . In the case of systems with ag1 = bg1 = ah1 = bh1 = 0, we know that
the point x = 0; y = 0 solves J (x; y ) = 0. Since this already covers a considerable range
of possible parameter constellations, it was implemented in the software, and the point
(0; 0) is usually used as the default critical point.
If the linear terms ag1 ; bg1 ; ah1 ; bh1 are not zero, there is no general solution to the Equation System 3.17. The example of the Hénon map may be used to make this clear. The
Hénon map, which is still a topic of current research, is dened by

H (x; y ) =



g (x; y )
h(x; y )

The Jacobian of the map is given by

JH (x; y ) =







=

2x
1

a

by
x
b

0



:

x2



:

(3.19)

(3.20)

Obviously, there are no values x and y which solve JH = 0. And in general, for systems,
in which at least one partial derivation is a constant term, there is no solution for the
critical point problem.
In fact, a system with linear terms is solvable only in very special cases. And usually,
these solvable systems do not yield very interesting dynamics. For this reasons, I experimented with weaker denitions of the critical point, such as solving only two of the four
equations in 3.17 for zero. However, the problem of the critical point computation, in
the case that the parameters ag1 ; bg1 ; ah1 and bh1 are not zero, remains unsolved.
Mainly for this reason, the user can interactively choose the critical point in the
program interface. In this way, it is possible to look at the behaviour of the bifurcation
set, when dierent points z  are used for the generation. In general, in the case that linear
terms are involved in the system, the user should very carefully interpret the resulting
bifurcation sets.
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3.4 Program Description and Further Details
In this section, the AttractorAnalyst is described. The description follows the objective
to introduce the tool to the reader in a way that working with the program is facilitated.
Therefore, I will consider the features implemented in the AttractorAnalyst one by one.

Figure 3.3: The AttractorAnalyst. In this image, the analysis mode for the Hénon map
is shown.
The application is shown in Figure 3.3. Following the example given in the end of
the previous section, in Figure 3.3, the Hénon map is shown in the analysis mode. We
stated that we cannot solve this map for the critical point, but this is not essential for
the program description. In the shown example z  = (0; 0) was used.
The application consists of three components: the large window in which all the
visualisation takes place (VW), the horizontal menu panel on the bottom (DM), and
the vertical menu panel on the righthand side (CM). The main window is called the
visualization window, abbreviated by VW. In the example shown in Figure 3.3, the Julia
sets and the bifurcation set are visualised in this window. The menu panel on the
bottom is used for the system denitions and it is called denition menu, DM. Here,
the parameters of the system functions are specied. The third component, the vertical
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menu panel on the righthand side, is called control menu and abbreviated by CM. In
the following, the three components of the application are considered one by one, starting
with the VW.
In this OpenGL window, the actual fractal visualization takes place. For the visualization, a square (or three squares in the analysis mode) is placed perpendicular
to the viewing direction, as described in Section 3.2. This square is rendered using
fragment shader programs: for the visualization of the lled Julia set, the program
"FP_FilledJulia_S.cg" is used, and for the bifurcation set computation, we use the program "FP_MandelBrotGeneral.cg". Section 3.2 and Section 3.3.1 described how this
computation works.
In the VW, additionally, a coordinate system is rendered. This is achieved by placing
a series of textured quads behind the fractal square with a little oset in between the two
surfaces. The textures, applied to this quads, encode the coordinate system. Since the
alphaterm of the fractal colour takes values below one, the coordinate system "shines
through" the lled Julia set and its surrounding.
The coordinate system moves in accordance to the domain specied by the user. This
is not possible using a single square to represent it. Instead, the coordinate system is cut
into pieces (the axes, the lettering, etc.), and each of these pieces moves in accordance
to the specied fractal domain.
The second component of the application is the denition menu (DM). We have two
panels in this menu, one for the denition of g (x; y ) and another one for the denition
of h(x; y ). The user nds 13 free elds in each of these panels, corresponding to the
parameters of Equation 3.3 (g (x; y )) and Equation 3.3 (h(x; y )). The respective terms,
the parameters are referred to, are also displayed.
The actual implementation features and program control routines are accessible in
the control menu (CM). The CM consists of the following 6 elements:
1. Fractal Generation Options,
2. Standard Complex Fractals,
3. Domain and Location,
4. Julia and Bifurcation Set(s),
5. Colour Settings,
6. 3D System Visualization.
We will discuss these elements in detail in the following. Note that they are dierently
ordered in the application. The numeration presented here, corresponds to the order of
description.
We start with the fractal generation options. This panel contains two items only: a
eld in which the bound threshold value, , can be set, and a eld to set the number of
iterations, N , used in the escape time algorithm. For , a default value of 100 is used,
and it can be set to values ranging from zero to 1000. Usually, the visual result does not
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change unless takes very small values. The default value for the number of iterations
is N = 25, and the maximum iteration number is N = 100.
In the second menu panel, the user can choose three complex system maps often
dealt with in the literature. The rst map, Fac (z ) = az 2 + c, depends on the two
complex parameters a and c. It is possible to choose the real and the imaginary part
of both parameters. Changes of these values are applied to the respective parameters
in the DM. Note that changing one component in the complex map can cause changes
of various parameters in the DM. The second system implemented here is given by
Fabc = az 3 + bz + c. The third system is the complex logistic function, Fc (z ) = cz (1 z ),
which is often also referred to as lambda fractal. In the current implementation, only
these three systems are available. In the future, more systems can be implemented here.
The third menu element deserves a more detailed explanation. In this panel, the user
can choose the domain in which the escape time algorithm is performed. In Figure 3.4,
the "Domain and Location" menu panel is shown.

Figure 3.4: The "Domain and Location" menu panel and the Hénon map at three dierent
zooming levels.
Using the rst eld in this panel ("Range" r), the user can zoom in and out the
fractal. Each time the value r is changed, the domain is centred at the origin. In this
case, the domain passed to the shader is given by xmin = r; xmax = r; ymin = r and
ymax = r.
The second part of this panel can be used to navigate through the domain with the
mouse. Basically, there are no restrictions in this navigation, but, due to the precision of
the oating point operations performed in the shader, the accuracy of the visual output
may be reduced at very high zooming levels. The speed of the value changes is adapted
to the size of the domain, so that a comfortable navigation is possible at each zooming
level.
The values xmin ; xmax ; ymin and ymax , eventually passed to the fragment shader,
are always updated and shown in the panel "Manual Window Settings". They can be
changed according to the domain the user is interested in. Changing these values results
in a distortion of the object, if the x and y resolution are not equal.
In general, all domain changes can be independently applied to the Julia sets and to
the bifurcation set. This can be required in the analysis mode. Here, the user can switch
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between the three "plates" using the key "1" for the bifurcation set, "2" for the Julia set
in the upper left corner, and "3" for the lower one5 .
The next menu item in the CM is called "Julia and Bifurcation Set(s)". In this
panel, all options concerning the bifurcation set generation are available. Figure 3.5
shows this menu item and a collage of four dierent Julia sets corresponding to points
in the (dg bg1 )bifurcation set.

Figure 3.5: The "Julia and Bifurcation Set(s)" menu panel. The (dg bg1 )bifurcation set
and four lled Julia sets are shown for the Hénon map.
In the rst part, the user can choose the display mode. Either the lled Julia set or
the bifurcation set are solely displayed, or the user can enter in the analysis mode. In
the case of the analysis mode, three "plates" are rendered: the bifurcation set and two
basins of attraction corresponding to the green points in the bifurcation set. Figure 3.3
also shows the analysis mode.
The second part of this panel is used to compute or set the critical point of the
current system map. In the last section, we discussed the critical point problem for the
systems we are dealing with. We stated that the automatic computation of the critical
point is not possible, and therefore, not implemented for every case. In order to be able
to look at the problematic cases also, the user can manually enter the point used for
the bifurcation set generation. She can, for instance, use a mathematical software like
Maple to nd the critical point of the system under consideration, and use this point in
the AttractorAnalyst. Changing the critical point using the arrows on the lefthand side
of the elds "Set Xp:" and "Set Yp:", results in an animation of the bifurcation set for
changing critical points. Sometimes, this yields very interesting eects.
In the third part of the "Julia and Bifurcation Set(s)" menu panel, the parameters,
with respect to which the bifurcation set is computed, are chosen. By default, the
parameter dg is mapped on the real axis and dh on the imaginary one. For the map
Fc (z ) = z 2 + c, this yields the Mandelbrot set. In the case of the Hénon map, dg and bg1
(which correspond to a and b in Equation 3.19) are chosen.
5

Sometimes it is necessary to click in the VW before changing the "plate".
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The last point in this panel is used to set and interactively change those parameter
values, chosen for the bifurcation set generation ((dg ; bg1 ) in the used example). In the
rst instance, this aects one of the green points drawn onto the bifurcation set. This
point represents the position of the parameter point (dg ; bg1 ) in the parameter space in
which the bifurcation set is visualized. Changing the values also aects the lled Julia
set, rendered onto the bottom square. This image is generated by the system map with
the parameter values (dg ; bg1 ), entered in these two elds6 .
The upper lled Julia set does not change. This image is created using the system
denition in the DM. And only changing the values dg or bg1 in the DM, moves the second
green point.
There is one more detail to be mentioned. In order to make the navigation through
the bifurcation set more comfortable, I implemented a mouse handling to change the
point (dg ; bg1 ). The user can move the parameter point by moving the mouse while the
right mouse button is pressed. The resulting changes are automatically entered into the
menu elds "x:" and "y:" .

3.4.1

Colour Setting

The next component of the CM deals with the colour settings. Since several extensions
to the shader programs have been implemented to achieve more appealing images, there
is an entire section dedicated to this topic. Figure 3.6 shows its main purpose: explaining
how the dynamics of our systems can be mapped into beautiful, coloured images.

Figure 3.6: The "Colour Settings" menu panel. The scientic shading and an artistic
shading variant for System 3.21.
For this purpose, the example system

F (x; y ) =
6



g (x; y )
h(x; y )





=

(x2

y2

0:184)

(2xy

0:013x3

0:079x4

0:167) + 0:289y 4


(3.21)

In the application, these elds are denoted by "x:" and "y:". Here, "x" accounts for the horizontal
axis and "y" for the vertical one.
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is used. Using the design process we will focus on in Section 4.3.2, this object was
obtained by modifying the complex system Fc (z ) = z 2 + c with c = 0:184 i0:167.
We start this section by briey recalling the RGBArepresentation of colours. This
representation uses three colour channels (RGB) and one channel for the transparency
term (A) to dene colours. In this denition, R accounts for the red component, G for the
green one and B for the blue one. In many applications, integer values from zero to 255
are used for each channel, but it is also common to use oat values in between zero and
one. We can therefore represent colours as a fourvalued vector C = (R; B; G; A)T with
R; B; G; A 2 [0; 1]. And in fact, this is the way colours are represented in the fragment
shader.
Let's look at the menu panel, shown on the righthand side in Figure 3.6. The rst
item is used to switch on and o the coordinate system. With the two buttons below,
the user can choose the scientic shading mode, or she can enter in the artistic shading
mode. Only in the latter, colours can be set by the user.
The scientic shading was already introduced in Section 3.2, dealing with the escape
time algorithm. In this mode, Equation 3.13 is used to determine the colour of a pixel.
In the artistic mode, the additional menu items are activated, and applied changes
here are passed to the fragment shader program "FP_FilledJulia_A.cg". This happens
at run time. It is possible to independently apply colour changes to the attracted region
and to the nonattracted region. The buttons "Attractor Dynamics" and "Potential
Field" are used to decide which part of the image is modied. In the fragment shader,
certain dynamical properties are then mapped into colour.
We start with the nonattracted region ("Potential Field"). As in the scientic
shading, information about the velocity of divergence is used for colour gradients. To
achieve particular gradients, the user can set the start colour, Cs , and the end colour,
Ce . Cs will be assigned to regions of very fast divergence and Ce to regions that need a
larger number of iterations to exceed the bound threshold . Colours C in between both
extremes are determined by the following interpolation scheme

C

= (Cs

n
(C
N s

Ce ))p :

(3.22)

In order to give the user more control over the colour gradient, an exponent p is used
in the interpolation. This value can be set in the menu as well. In Equation 3.22, n is
the iteration number at which the orbit of the considered pixel passes . N is the total
number of iterations, specied by the user. It is obvious, that the velocity of divergence
n , since it increases with the iteration number at which the
is contained in the term N
orbit exceeds .
The visual result of the colour interpolation (Equation 3.22) is shown on the left
hand side of Figure 3.7. It can be observed that the gradient is not smooth, but there
are large regions of pixels which are coloured in the same way. The reason for this is
n , is itself not smooth, because there are
that the velocity of divergence, computed by N
regions of pixels which pass in the same iteration. To avoid this and to obtain smooth
gradients in the nonattracted region, a gradient smoothing method was applied.
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Figure 3.7: The result of gradient smoothing.
The result of this method is shown on the righthand side of the gure. Smooth
gradients are achieved by taking into account the amount by which the bound threshold
is exceeded. The colour of a pixel, the orbit of which passes at the nth iteration, is
then determined by
!

C

= (Cs

n + kF n (z)k
N

(Cs

Ce ))p ;

(3.23)

where F n (z ) is the nth element of the orbit of the considered point z . In the example
considered in this section, the colours Cs = (0:8; 0:8; 1; 0:9)T and Ce = (1; 0; 0; 1)T are
used as start and end colours for the nonattracted region. By this means, a soft colour
transition from red (Ce ) to blue (Cs ) is achieved. Note that Cs actually encodes a very
light blue. It is darkened, for using p = 4 in Equation 3.23.
We switch to the attracted region. Basically, the same colouring method is used here,
but no gradient smoothing is applied. The user can set Cs and Ce , and pixel colours
are interpolated in between these two values. The dierence comes with the dynamic
property that is used in the interpolation. In this case, the squared euclidean distance
between two consecutive elements of the orbit is mapped into colour. The colour of a
pixel in the attracted region is dened by Equation 3.22 with p = 1. In this case, n
corresponds to the rst iteration for which kF n (z )k
F n 1 (z ) < 0:0005 is satised.
This dynamic property is may not be that interesting from the scientic point of view,
but fascinating colour patterns can be created in this way.
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3D Visualization of the System Functions

The last component in the CM provides the possibility to visualize the graph of the
system functions in 3D. I implemented this feature, because graphical analysis based on
the system graph forms an important method in the analysis of real dynamical systems
(see, for instance, [9]). I did not nd any attempts to apply such an analysis to 2D
dynamical systems.

Figure 3.8: 3D visualization of the system map.
On the lefthand side of Figure 3.8 the menu concerned with the system visualization
is shown. The program implements methods to visualize the system map F , its rst
iterate F 2 , and the partial derivations of the system. Dealing with systems dened in
two dimensions means that the system graph is given by two functions: g (x; y ) and h(x; y )
in our case. This is also true for F 2 , where g (g (x; y ); h(x; y )) and h(g (x; y ); h(x; y )) are
visualized. These two functions are visualized in Figure 3.8. The object shown here,
forms an example in the graphical analysis presented in Section 4.3.
First of all, the visualization method, explained in this section, is performed on the
CPU. Therefore, methods for the evaluation of g (x; y ) and h(x; y ) have been implemented
on the CPU. I also implemented evaluation methods for gx ; gy ; hx and hy as they are
dened in Equation 3.18. All these function return the respective z value for a given
input point (x; y ).
This makes the visualization quite easy. If the graph visualization is activated, a
regular point grid is generated and adjusted to the domain of the lled Julia set. Then
an OpenGl point is drawn at (x; y; g (x; y )). In all the examples presented in this thesis,
512  512 grid points have been used. Since polynomials up to order four can quickly
produce very large values, the output is weighted by a user dened value. This concludes
the description of the developed software, and we will now consider some of its possible
applications.

Chapter IV

Analysis and Application Examples
4.1 System Performance
This project was aimed to the development of an interactive application. For this reason,
shader programs running on the GPU have been used in the implementation, in order to
make the program as fast as possible. In the following, we analyse the performance of
the system.
The performance tests are all performed on the medium level portable computer.
There have not been any particular attempts yet to optimize the implementation. The
testing machine disposes of a NVIDIA GeForce Go 6600 graphic card with 128 MB
graphical memory, and the application runs on all machines with the same or a newer
version. The CPU is an Intel Pentium M 740 processor with 1.73 GHz, the system has
1024 MB RAM, and the operating system is Windows XP.
For the performance analysis, basically, three aspects are considered: the number
of iterations, the parameter selection for the generation of the bifurcation set, and the
relative size of the attractor with respect to the whole image. These three aspects are
considered, because using the application I found that they have the main impact on the
update times of the system. The reader might wonder that the analysis does not take
into account dierent system maps, i.e., if more or less parameters are unequal to zero.
This is because of the way of implementing the system. As described in Section 3.2, the
same operations are performed in every case. For the tests performed here, I have chosen
the Julia map F (z ) = z 2 0:75 (see Figure 1.2).
The AttractorAnalyst has six possible application settings:
1. the scientic shading of the lled Julia set (JS),
2. the artistic shading of the lled Julia set (JA),
3. the artistic shading of the lled Julia set with increased image size (JA+),
4. the visualization of bifurcation sets (BS),
5. the analysis mode with scientic Julia shading (AM) and
6. the analysis mode with artistic Julia shading (AMArt).
38
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But only the analysis regarding the number of iterations used considers all of them. To
determine the inuence of the parameter selection for the bifurcation set generation on
the update times, obviously, only the (scientic) analysis mode and the bifurcation set
mode must be considered. For questions concerning the relative size of the attractor with
respect to the whole image, we do not look at the analysis mode at all.
Always when fragment shader programs are used in the visualization, the number of
screen pixel for which the program must be performed plays a crucial role. In the usual
visualization mode in which only one set in rendered (i.e., JS, JA and BS), we deal with
a quadratic image size of 768  768 pixel. In the artistic shading with an increased image
size (JA+), we have 1120  768 pixel. In the analysis model (AM and AMArt), there
are three pixel areas for which dierent fragment shader programs are performed. There
are two smaller lled Julia sets, the size of each of which is 384  384 pixel, and there is
the bifurcation set with a size of 580  580 pixel.
Let's rst have a look at the update times for dierent numbers of iterations, N .
Table 4.1 presents the results for N = 10, N = 25, N = 50, N = 75 and N = 100
iterations. The update times are given in frames per second (FPS), which is a common
way measure the performance1 .

Number of Iterations
N
N
N
N
N

=
=
=
=
=

10
25
50
75
100

JS
20
15
8,6
6,6
5,4

JA
15
12
7,5
5,4
4,3

JA+
12
10
6,7
5
4

BS
12
10
7,3
6
5

AM
12
10
6,7
4,9
4

AMArt
12
8,6
6
4,3
3,5

Table 4.1: The update rates of the application in frames per second (FPS) for dierent
numbers of iterations.
First of all, we observe that the update speed decreases as the number of iterations is
increased. When 100 iterations are used the application slows down to 3,5 FPS (AMArt).
The user will clearly recognize this slow down when working with the program. In
computer graphics, usually, an application the frame rate of which stays above 16 FPS, is
considered interactive, because user interactions with the application are still performed
without a noticeable delay. In our case, however, frame rates of 8 FPS still produce
satisfactory animation results. Therefore, an iteration number of 15 to 30 iterations is
recommended, if the user is interested in producing animations. For the creation of static
fractal images, this number can be increased without problems.
As we can see in Figure 4.1, the behaviour of the update times is not linear. This
is due to the fact that parts of the fragment shader programs do not depend on the
iteration number. We can furthermore observe that the scientic shading is in general
faster than the artistic shading, since colouring operations are less complicated. The
1

It is not dicult to convert this data into times in seconds. 20 FPS, for instance, correspond to
seconds for the creation of a single image.

1
20
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scientic visualization (JS) yields the best performance, and the analysis mode (AMArt)
forms the lower bound of the system performance.
We also notice a similarity of the scientic analysis mode (AM) and the artistic
visualization with increased image size (JA+). There are no particular reasons for this.
It indicates that the number of pixels for which fragment programs are performed is
approximately the same.

Figure 4.1: The performance of the application for dierent numbers of iterations.
As a second item, we consider the parameter selection for the generation of the
bifurcation set. This is actually concerned with two aspects. First, it accounts for the
number of ifstatements necessary to assign initial parameter values to the correct term
in the system map (see Section 3.3.1). Second, it also depends on the shape of the
bifurcation set, since the part of the image covered by the set may dier greatly and
more operations must be performed when this part is bigger. The latter aspect will be
independently considered later.
In the table and the diagram below three dierent parameter congurations for the
generation of the bifurcation set are considered for a constant iteration number N = 25.
The best case corresponds to the Mandelbrot set, for the computation of which only two
ifstatements are necessary. The average case represents the bifurcation set with respect
to the parameters ax2 and ay2 . The amount of image coverage approximately equals that
of the Mandelbrot set. Here, 12 ifstatements are necessary the choose the correct term
in the system map, 6 for each parameter. The last row of Table 4.2 represents the worst
case, in which 10 ifstatements must be tested for each parameter (which are cx4 and
cy4 ). In this case, additionally, all of the image is covered by the bifurcation set, so that
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it really represents the worst possible conguration.

Parameter Selection
best case
average case
worst case

BS
10
8,4
4,6

AM
10
8,6
6

Table 4.2: The update rates of the calculation of dierent bifurcation sets in frames per
second (FPS).

Figure 4.2: The performance of the bifurcation set computation depending on the parameter choice.
In the best case, we have 10 FPS in the bifurcation set mode (BS) as well as in the
analysis mode (AM). It is possible to work in both modes without any problems. Also,
the update times in the average case allow reasonable user interaction. In the worst case,
the system slow down to 5 FPS may impair the creation of smooth animations. However,
reducing the number of iterations can improve this.
The last aspect to be considered for the performance analysis is the relative size of the
attractor with respect to the whole image. Already the analysis of dierent bifurcation
sets has indicated its inuence on the performance. The reason for this is not dicult
to see. For initial values (pixels) belonging to the attracted region, it is sure that all N
iterations must be computed (i.e., the complete orbit sn (z )). Instead, for nonattracted
pixels, it is not necessary to compute the complete iteration sequence. In fact, some of
these initial values will be out of range after only a few iterations. Therefore the number
of operations necessary to compute the image will be reduced as the size of the image
parts not belonging to the attracted region increases. Table 4.3 and Figure 4.3 shows
how this inuences the update rate of the application.
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Relative Attractor Size
0%
25 %
50 %
75 %
100 %

JS
30
15
8,6
6,7
6

JA
30
10,2
6,7
5,4
4,6

JA+
20
10
5
4
3,2
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BS
20
10
6
5
4,6

Table 4.3: The update rates of the application with respect to the dierent relative sizes
of the attracted region.

Figure 4.3: The performance with respect to the dierent relative sizes of the attracted
region.
In Figure 4.3, we observe exponential dependence of the performance on the relative
attractor size. How can we interpret this course? The main reason for this is the fact
that not only the attractor size determines the number of operations performed to obtain
the entire image, but also the point at which the calculation of specic orbits in the non
attracted region can be stopped. Each time the basin of attraction lls a larger part of the
image, there are also more pixels for which a larger number of orbit elements (iterates)
must be computed, because they reach the bound at which the orbit is truncated at later
iterates. Therefore, the performance does not decrease linearly with the relative size of
the attracted region.
In general, the performance analysis shows that the application slows down by a noticeable degree in some cases. On the machine I was using for the performance tests, this
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can aect the usability of the AttractorAnalyst. Therefore, I was running the program
on a newer computer system2 with a graphics card of NVidia's recent generation. On
this system, the application was running with a constant frame rate of 60 FPS in all
the cases. This has been a very positive surprise to me, and it shows how fast computer
technology is advancing.

4.2 Texture Generation and Modication
Here, at the University of Girona, a friend is currently working in the visualization of
natural outdoor scenes. In particular, she is working in a realistic simulation of the
ageing process of trees, and for these purposes methods are needed to modify given input
leaf textures. When she was telling me that she is searching proper methods capable of
producing images of ageing leafs, I thought that may be the tool I was working on could
help her. For this reasons, I adapted the AttractorAnalyst to these purposes. And in a
relatively short time, it was possible to obtain results indicating that the tool might be
useful for texture generation and modication purposes.

Figure 4.4: Using the AttractorAnalyst for the generation of ageing leafs.
The basic idea behind the texture modication approach is rather simple: instead
of painting the basin of attraction onto a white square, it is painted onto a texture.
The colour setting routines and the interactive denition of the system allows then to
experiment dierent visual eects and to nd the desired shapes in realtime.
In the particular case of textures representing ageing leafs, the input texture is a
green leaf shown on the lefthand side in Figure 4.4. Usually, an ageing leaf gets brown
beginning at its borders, and this brown areas increase with time. Following this consideration, I decided to make the lled Julia set represent the leaf areas which have not yet
lost its green. This means that in the areas belonging to the lled Julia set the colour of
the leaf is not changed at all. The colour of nonattracted region is combined with the
2
This machine has a AMD Athlon 64 Processor with 2.21 GHz and 2.75 GB RAM. The graphics card
is a NVIDIA GeForce 8800 GFX with 768 MB graphical memory.
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original colour of the leaf texture so that the leaf structure is still visible. This colour
can be interactively adjusted, in order to obtain the desired outcome.
Of course, the reasoning behind this method is fairly simple, and it does not take into
account particular biological rules of leaf ageing. For instance, the brown regions usually
grow along the branching of the leaf. However, using fractal objects in this process, can
produce a reasonable approximation of the natural process.
During the experiments concerning leaf ageing, the analysis mode was found quite useful, for allowing fast exploration of the shapes which are possible in a particular system.
Figure 4.5 shows this setting. Moreover, to get a better idea of the texture modication
procedure using the AttractorAnalyst, the reader is encouraged to have a look to the accompanying video "leafTexturing.avi" and to the software variant "AA_LeafAging.exe".
It is shown that the software can produce not only leaf textures, but also videos of ageing
leafs.

Figure 4.5: Using the analysis mode for the generation of ageing leafs.
The examples shown in this section as well as the video have been produced in a very
short time. I believe that the results can be improved essentially when taking more time
with this application. The shape of the attracted region, for instance, can be adjusted
more carefully, in order to resemble the natural process of leaf ageing in a more adequate
fashion. Likewise can the colours be chosen in a better way. Once this is done, the user
is free to use this feature for texture design, or to produce realtime videos of changing
structures.
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Figure 4.6: Another example. Can you guess which set is used?

4.3 Graphical Analysis: Towards Fractal Shape Control
When I was starting to deal with this topic, I was actually thinking in the generation
of fractals in 3D space. I wanted to nd out if there are means to control the shape
of 3D fractal objects, in order to use them in 3D modelling tools. For this reason,
I decided to rst analyse possible methods for fractal shape control in the 2D case.
For these purposes, the AttractorAnalyst was developed. Working with this tool, it was
found that already in two dimensions it is fairly dicult to nd methods which allow to
control the shape of fractals. Therefore, I decided to stay in two dimensions and leave
the 3D fractal generation as a topic for future research, based on the ndings made in
this project. In this section, dierent possibilities of fractal shape control are discussed.
The AttractorAnalyst implements various methods that could be useful for graphical
analysis. The principal idea is to relate the graphs of the system map F to its resulting
attracted region. This is inspired by the socalled webdiagrams that form a powerful
tool in the analysis of systems dened in the real numbers3 . Therefore, methods for the
3D visualization of the system functions have been implemented. These methods have
been described in Section 3.4.2.
3

See, for instance, [9, 8] for an explanation of the webdiagram.
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The Graphs F and F 2

The example object shown in Figure 4.7 will be used to introduce the general approach
of graphical analysis, based on the graphs of F and F 2 . I called this object "El pájaro"
("The Bird"), and it corresponds to the following system map:

F (x; y ) =



g (x; y )
h(x; y )





=

0:28x3

0:9x2 + 0:5y 2

0:22y 3 + x2
0:47xy 2

y2
0:9xy



0:25

:

(4.1)

Figure 4.7: "El pájaro" is used for graphical analysis.
The major aim of graphical analysis is to point out relations between the basin of
attraction and the system graph F . In the analysis of 1D systems, it is common to
use the rst iterate, F 2 , in addition, but higher iterates are usually not involved in
such an analysis. If it is possible to nd a relation between system graphs and the
attracted region, we might be able to understand better which functions yield what kind
of attracted region. Using this knowledge, the system graphs could be used for a fast
estimation of the nal fractal shape. This would facilitate the modelling of fractals, by
designing the system functions.
In Figure 4.8), the system map F = (g (x; y ); h(x; y ))T is drawn for the considered
system (Equation 4.1). The basin of attraction, "el pájaro", is rendered onto the plane
z = 0.
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Figure 4.8: Relating the attracted region with the graph of g (x; y ) (red) and h(x; y )
(blue).
The images indicate that the graphs g (red) and h (blue) of F and the basin of
attraction are at least roughly related. In particular, we observe that attracted regions
follow the zerocurves of the system functions. These curves are dened by g (x; y ) = 0
and h(x; y ) = 0. Points (x; y ), close to the zerocurve, of both functions belong to the
attracted region. Therefore, the graph of the system functions might be used for an
estimation of the possible shape of the attracted region.
However, it is dicult to make sure that this is the general case. For instance, if
the constant terms in g (x; y ) and h(x; y ), dg and dh , are set to values, which do not
yield a basin of attraction (i.e., the system was undergoing a bifurcation), there are still
points close to both zerocurves. But in this case they are not attracted at all. I have
looked at some of these dg dh bifurcations for map 4.1, and I could not nd evidence
that the system's zerocurves and the attracted region are always related in that way.
Nevertheless, if there is a basin of attraction, it follows roughly the course of the curves
dened by g (x; y ) = 0 and h(x; y ) = 0.

Figure 4.9: Relating the attracted region with the graph of g (g (x; y ); h(x; y )) (red) and
h(g (x; y ); h(x; y )) (blue).
Let's have a look to the second iterate of the system, F 2 . In this case, the two
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graphs to be visualised are g (g (x; y ); h(x; y )) (red) and h(g (x; y ); h(x; y )) (blue). In
Figure 4.9, an eect very similar to the previous example can be observed: the attracted region is roughly determined by the curve dened by g (g (x; y ); h(x; y )) = 0 and
h(g (x; y ); h(x; y )) = 0. This correlation is even stronger for the graphs of F 2 .
Moreover, we nd that the graphs are very close to the zeroplane (the plane on which
the fractal is rendered) at those xy values which correspond to attracted points. Points
which are not attracted, whereas, are already quite far from that plane. Obviously, this
eect would be enhanced considering higher iterates in the analysis. In fact, we would
nd sharp edges at the borders and a plane course inside the basin of attraction4 . These
sharp edges become possible, because the order of the polynomials is increased with
every iteration. However, performing such an analysis for higher iterates is as costly
as computing the attracted region and therefore not suited for a fast estimation of the
fractal shape.
To conclude, considering the graphs of the system map and its rst iterate, does
not allow an appropriate estimation of the nal fractal shape. It does neither give us
any means to know, whether there is a basin of attraction or not, nor, if the basin of
attraction shows fractal properties. We can also not know from such an analysis, what
these potential fractal features will look like. Only if we know that there is an attracted
region, a very rough estimation of the shape can be possible.

4.3.2

The Partial Derivations

In order to show the usefulness of the partial derivations in the fractal design process, we
consider another example. In Chapter 1 (Figure 1.1), we have seen dierent attracted
regions of the system Fc = z 2 + c; z; c 2 C. The basin of attraction for F0 , for instance,
is the lled unit circle. Dening a slightly dierent system F~0 by

F~0 (x; y ) =



g (x; y )
h(x; y )





=

x2 + y 2
2xy



(4.2)

yields the squareshaped region, shown on the lefthand side in Figure 4.10. On the
righthand side, the fractalshaped basin of attraction of F 1 is shown. F 1 is used here,
because it is geometrically more interesting than F0 , and therefore, it is better suited for
this analysis. Using these two objects, we will outline how the partial derivations of a
system can be used for fractal shape control.
4
Note that the appearance of the graph inside the basin of attraction depends on the attractor of the
system.
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Figure 4.10: Basins of attraction for F~0 and F
To do so, we extend the maps F

F

1(

x; y ) =

and

F~0 (x; y ) =





1

g (x; y )
h(x; y )

g (x; y )
h(x; y )
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1

.

and F~0 by the parameters bh2 ; bh3 ; bh4 . This yields





=




=

x2 y 2 1
2
h 3
h 4
2xy + bh
2 y + b3 y + b4 y

x2 + y 2
2
h 3
h 4
2xy + bh
2 y + b3 y + b4 y





(4.3)

:

(4.4)

In the following, we will vary the free parameters independently, in order to nd out
what changes this results in, and to see, if these changes happen in the same way for
both objects. Such an analysis procedure is feasible, because fractal maps are dened in
R2 rather than in the complex numbers.
The reader should note that h(x; y ) is the same in both systems. Therefore, also the
partial derivation hy is the same. The graph of hy is chosen for visualization, because
changing bh2 ; bh3 and bh4 aects this derivation only. Moreover, in the experiments with
the AttractorAnalyst, it was found out that the course of hy shows a correlation to the
object changes. This becomes clear, looking at Figure 4.11, where, from the left to the
right, bh2 = 1; bh2 = 0:5; bh2 = 0:5; bh2 = 1. For this rst example, we set bh3 = bh4 = 0.
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Figure 4.11: F~0 with bh2

Figure 4.12: F

1

with bh2

h
= 1; bh
2 = 0:5; b2 =

h
= 1; bh
2 = 0:5; b2 =

0:5; bh
2 =

0:5; bh
2 =
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The rst aspect shown in Figure 4.11 is the fact that the shape transformation of
the square clearly follows the course of the partial derivation. It is possible to use
this information to obtain a desired transformation of an object. Moreover, and maybe
even more interesting, applying the same changes to the system 4.3 results in a similar
transformation of the object. This is shown in Figure 4.12, in which hy was not visualized,
since it is the same for F~0 and F 1 . Furthermore, we note that the object transformation
is symmetric.This means that the transformation resultant by bh2 = 1 (bh2 = 0:5) yields
the same object as the transformation resultant by bh2 = 1 (bh2 = 0:5), taking the
y axis as a mirror. This is another interesting property.
I also performed this analysis with respect to bh3 and bh4 , using the same values. As in
the previous example, each parameter is independently considered, setting the two others
parameter values to zero. The results of this are shown in the Figures 4.13 to 4.16.
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Figure 4.13: F~0 with bh3

Figure 4.14: F

1

with bh3

Figure 4.15: F~0 with bh4

Figure 4.16: F

1

with bh4

h
= 1; bh
3 = 0:5; b3 =

h
= 1; bh
3 = 0:5; b3 =

h
= 1; bh
4 = 0:5; b4 =

h
= 1; bh
4 = 0:5; b4 =

0:5; bh
3 =

0:5; bh
3 =

0:5; bh
4 =

0:5; bh
4 =
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In all three examples, a very similar behaviour can be observed. As in the variation
of bh2 , the shape transformation is strongly related to the derivation of h with respect to
y , hy . These transformations become even more interesting, when bh3 or bh4 is involved.
This is due to the fact that the derivation is of order 2, in the case that bh3 6= 0, and of
order 3, if bh4 6= 0.
Basically, there is also a similarity of the transformations for F 1 and F~0 . However,
in F 1 , there are additional attracted regions, so that the object shape changes in a
qualitative sense. This happens especially in the case that large values bh3 ; bh4 are involved.
Another interesting aspect, we can observe in the image series, is concerned with
the symmetry of the obtained transformations. Transformations, in which bh2 and bh4 are
involved, exhibit symmetry to the y axis, so that changing bh4 to bh4 results in the same
object, reected at the vertical axis. But if bh3 is changed to obtain a transformation,
this property is not the case. In fact, already the curve dened by hy = 0 exhibits such
a behaviour. It is symmetric for changes in bh2 and bh4 , but not, if bh3 changes. This fact
is a further indication that the partial derivations of a system can be used to modify the
shape of fractal objects.
I also experimented transformation obtained by dierent combinations of bh2 ; bh3 and
h
b4 . And to my point of view, this method is practicable in the design process, especially,
in those cases in which the user desires to modify a standard fractal shape.
All in all, it could be observed that using the partial derivations of the system can
be useful technique for a controlled and directed modication of the shape of a fractal.
And indeed, I was using this design technique for the generation of some of the example
fractal images, shown on the following pages.

Chapter V

Gallery

53

Chapter VI

Conclusions and Future Work
This thesis presented an interactive application for the visualisation, the analysis and
the design of 2D deterministic fractals. It shows that fractal image generation based
on systems dened in the real rather than in the complex plane facilitates an extensive
control over the fractal parameters, which allows a more directed modication of the
fractal shape.
The application developed in this project can form an useful instrument in the graphical design process as well as in mathematical education. It is called AttractorAnalyst.
It implements a considerable number of dierent techniques for the exploration and the
modication of lled Julia sets. Since all these techniques are carried out in an interactive way, the user is immediately confronted with the visual result of the changes applied
to the program. It can be expected that this greatly facilitates the artistic work, while
explaining by visual means the dynamics of the underlying mathematical formulas.
For the denition of the underlying discrete dynamical system, a mathematical representation in the real plane was used. Therefore, two real valued functions, g and h,
determine the system dynamics and the resulting basin of attraction. The system functions are polynomials of order 4, and some of the most common complex fractals are
included using this denition. We detailed on the mathematical representation in Section 3.1. With this way of representing a 2D dynamical system, the user is given access
to 26 system parameters. This allows, for instance, to create variations of the standard
complex fractals, which, due to the denition of the algebraic operations in the complex
numbers, are not possible there (compare Section 4.3.2). Moreover, it enables the researcher to enter a desired system map into the application, and to analyse the dynamic
behaviour of this specic system.
The positive aspect of such a denition is that the user can access all parameters of
the system functions. However, as we have seen in Section 3.3.2, the used representation
also brings along a disadvantage: it complicates the analysis. Since for the systems F ,
used in this work, the Jacobian matrix must be used as the derivation (F 0 = J ), there
is a problem with the computation of the critical point, needed for the construction of
bifurcation sets. As a solution to this problem, a adapted denition of a critical point
was proposed (Equation 3.17). This denition incorporates the denition of a critical
point in complex systems. In addition, it allows critical point analysis for most of the
60
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systems dened in the real plane. In Section 3.3.2, it was also pointed out for which
systems the critical point can be determined, and in which cases the bifurcation set must
be looked at carefully.
Interactive visualisation of a system's basin of attraction was achieved by intensively
using the capabilities of modern graphics hardware. In Section 3.2 we have seen that
the work ow of the escape time algorithm is very convenient for this. In the project,
three fragment shader programs have been implemented: two for the visualisation of
lled Julia sets, and one for the visualisation and the generation of bifurcation sets. To
all of them, a large number of parameters is passed at run time to evaluate user input.
The performance analysis in Section 4.1 has shown that using fast shader programs in
the fractal image generation makes possible an interactive use of these objects. Only 25
years ago, the escape time algorithm needed hours, sometime days, to compute a single
fractal image. Nowadays, an image can be obtained in less than 0.1 seconds.
Because of this immense increase in computational power of modern computer systems, an extended, interactive graphical analysis becomes possible. Inspired by the work
of Devaney [9, 10], an automatical procedure for the generation of dierent bifurcation
sets has been developed. The user can select any two system parameters to be mapped
on the real and the imaginary axis. In the resulting bifurcation set, it is possible to
interactively explore with the mouse which parameter constellation yields which fractal
shape. This is a very helpful feature in the analysis.
Another approach to a graphical analysis, uses 3D visualisations of the system map
F . However, the analysis performed in Section 4.3 indicated that using the graphs F
and F 2 does not allow an adequate estimation of the nal fractal shape. In contrast to
the 1D case, it is not very suited for predictions of the system dynamics.
But in the second part of the graphical analysis, it could be shown that using the
partial derivations of a system can give us means to control the shape of lled Julia
sets. Here, we considered two system maps, F 1 and F~0 , which equal in h, and we
applied equivalent parameter changes to h in both maps. It was found out that the
shape transformation resulting from a parameter variation, happens in a very similar
way for both maps, even though the attracted regions of the systems are very dierent.
Moreover, the graph of the partial derivation hy is clearly correlated to the resulting
transformation. These ndings indicate a direct inuence of the Jacobian matrix on the
nal shape of the basin of attraction. It can be possible that looking at the eigenvalues
of the Jacobian yields further results, since they are often involved into the analysis of
related nonlinear problems.
Not least with the possibility of an interactive and directed modication of the fractal
shape, the AttractorAnalyst widens the possibilities of artists, interested in the creation
of aesthetic images. For the demands of artistic work, improved colour setting routines, described in Section 3.4.1, have been developed. For the attracted region and
the nonattracted region colours can be independently chosen. In the introduced colour
interpolation scheme, dynamical properties are used to achieve colour gradients. In the
case of the nonattracted region, additionally, a method to smooth this colour gradients
has been invented. To my point of view, very attractive visual results are achieved by
the proposed colouring method.
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Since all parts of the application run at interactive rates, the tool is not only suited
for the creation of beautiful static images, but also for the production of realtime animations. In the general case, the application performs suciently fast for the requirements
of animation production on a mediumlevel personal computer. On systems with higher
performance, which are usually available in graphic design studios, even more iterations
can be used in the fractal generation process. As shown in Chapter 2, the possibility of
producing realtime animations of fractals is not given in existing software tools.
An example application for realtime fractal animations has been considered in Section 4.2. Here, we discussed the idea of interactive texture modication, using the example of an ageing leaf. It was shown that the program can be used for the creation of
images, that resemble the natural process of leaf ageing in a realistic fashion. Computing
these images at realtime rates, enables the user to produce videos of this process.
The author believes that there are many more applications for realtime fractal animations. Connecting particular system parameters to particular features in an audio
le, to make one example, could yield fractal videos synchronised to music. This could
be implemented as a plugin for a standard music player, since audio feature extraction
is already available in many of these programs.
Another encouraging point for future work, is the extension of the AttractorAnalyst
to other fractal types. In Section 3.2, it was mentioned that, due to the construction of
base vectors, very dierent fractal types could be created without much eort. I have
tried this using trigonometric base functions instead of polynomial ones. Two example
fractals generated by such a trigonometric settup are shown in Figure 6.1. In the same
way, other types of fractals can be implemented, only by changing the base vectors of
the system. Of course, in order to make all analysis features available also for other
fractal types, some techniques must be reconsidered. This is an interesting topic for
future research.
A further very important issue to be addressed in the future is an evaluation of the
developed software. It would be interesting to test the tool with students, artists and
researchers, in order to see to what extend their particular requirements can be fullled.
I am especially curious, how students will work with the application. Since using the tool
can be a fairly entertaining activity, and moreover, with beautiful visual results, I hope
that at least some students will be motivated to look at the underlying mathematical
process and to more attendedly follow their mathematics course. In general, an evaluation
of the user interface can give new ideas for further improvements of the usability of the
program.
The most challenging step for future research is the fast rendering of 3D deterministic
fractals. In [12] a ray tracing algorithm for the quaternion Julia set is proposed, and in [7],
it is shown that this algorithm can be implemented on the GPU. In the research of 3
D systems, usually, a denition in the quaternions is used. The resulting 4D fractal
objects are then projected into three dimensions. This is due to the same reasons, for
which complex denitions are used in the analysis of 2D systems. And there also exists
a generalized form of the Cauchy Riemann equations (see Equation 3.15). However, this
work indicates that 3D system maps, the behaviour of which is ruled by three realvalued
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functions, can also used for the generation of 3D fractal structures. The development
of an interactive application for their visualisation and their shape exploration, can be
based on the ndings made in this work. Once having at hand such an application, 3D
fractal structures could be used in 3D modelling applications.
On the whole, the interactive visualization of parameterdependent fractal objects
provides new means for the analysis of discrete systems and facilitates the artistic design
process.

Figure 6.1: Two fractals generated using trigonometric basis functions.
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